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New model of density distribution for fermionic dark matter
halosPACS
In this paper, we formulate a new model of density distribution for halos made of warm dark
matter (WDM) particles. The model is described by a single microphysics parameter— the
mass (or, equivalently, the maximal value of the initial phase-space density distribution) of
dark matter particles. Given the WDM particle mass and the parameters of a dark matter
density profile at the halo periphery, this model predicts the inner density profile. In case
of initial Fermi–Dirac distribution, we successfully reproduce cored dark matter profiles from
N-body simulations. Also, we calculate the core radii of warm dark matter halos of dwarf
spheroidal galaxies for particle masses mfd = 100, 200, 300 and 400 eV.
K e y w o r d s: Dark matter: warm, cold; dark matter halo profile; cores; Navarro–Frenk–White
profile
The nature of dark matter— the largest gravitat-
ing substance in the Universe— is not yet identi-
fied. Usual (left-handed) neutrinos— the only natural
dark matter candidate within the Standard Model of
particle physics— are too light to form the observed
large-scale structure of the Universe [1] and the dens-
est dark matter-dominated objects, dwarf spheroidals
(dSphs) [2]. So far, many extensions of the Standard
Model containing a viable dark matter candidate have
been proposed; see, e.g., reviews [3–6]. In terms of
their initial velocities, valid dark matter candidates
can be split in two groups1 (see, e.g., [9]):
• cold dark matter (CDM), composed of parti-
cles with small (non-relativistic) initial veloci-
ties [10, 11];
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1 Note that, for some specific dark matter particle candidates,
their initial velocity spectrum can be approximated by a mix-
ture of ‘cold’ and ‘warm’ components [7, 8].
• warm dark matter (WDM), composed of par-
ticles with large (relativistic) initial velocities
[12, 13].
Density distribution of CDM haloes is often de-
scribed by the Navarro–Frenk–White (NFW) profile
[14, 15]
ρnfw(r) =
ρsrs
r
(
1 + r
rs
)2 . (1)
Its parameters ρs and rs are connected with the halo
massM200 (the mass within the sphere of radiusR200,
within which the average density is 200 times larger
than the critical density ρcrit of the Universe) and
halo concentration parameter c200 = R200/rs.
The phase-space density for CDM haloes becomes
infinite towards the halo centre; see, e.g., [16]. For
WDM, this is not true: its maximal phase-space den-
sity fmax is finite at early times and does not increase
during halo formation [17]. Usually, density distri-
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butions with finite fmax are derived either from an-
alytical studies of self-gravitating Fermi–Dirac dark
matter (see, e.g., [18–27]) or from N -body simula-
tions imitating initial dark matter velocities (see, e.g.,
[28–32]).
The first method requires non-trivial assumptions
about dark matter microphysics. Also, it often
has problems with a simultaneous description of the
whole dark matter halo including the central part
(where the dark matter phase-space density is close to
fmax) and the outskirts (where it is ≪ fmax). This,
in turn, is well-established by N -body simulations.
But simulations are computationally expensive; to de-
termine the dark matter properties, one requires too
many of them to compare to specific observations.
In this paper, we present a new model of density
distribution that overcomes both difficulties. It is
constructed in Sec. 1 avoiding any assumptions about
dark matter microphysics apart from the knowledge
of the maximal value of dark matter phase-space den-
sity. As we show in Sec. 2 2.1, this model predicts
flattening of the inner density profile at small radii
(producing dark matter cores) consistent with WDM
simulations [28, 29]. In Sec. 2 2.2, we study the for-
mation of dark matter cores for ‘classical’ and ‘ultra-
faint’ dSphs.2 Finally, in Sec. 3, we discuss the ob-
tained results.
1. Method
According to the strong Jeans’ theorem [34–36], the
phase-space density distribution f(~r, ~v) of a collision-
less system in steady state depends on coordinates ~r
and velocities ~v only through isolating [37] integrals
of motion. Assuming a steady-state dark matter halo
to be non-rotating, isotropic and spherically symmet-
ric,3 the phase-space density f(~r, ~v) of dark matter
2 For the dSphs nomenclature, see, e.g., [33, Sec. 1.1].
3 For observed dSphs, some of these assumptions may be vio-
lated. For example, Sagitarrius [38,39], Ursa Major II [40,41]
and Boo¨tes III [42] dSphs are reported to be tidally dis-
rupted, which puts the assumption of steady state in these
objects under question. Basing on papers [43–51], we expect
only slight deviations from the velocity isotropy in the cen-
tral parts of dark matter haloes. Although the authors of
[52, 53] report deviations from spherical symmetry in dark
matter haloes of dSphs, it is unclear to what extent their
result can affect the density distribution. For example, ac-
cording to [54], the absence of spherical symmetry does not
change the conclusion of [55] about the presence of dark mat-
particles with mass mfd inside the halo depends only
on their total energy E , E ≡ E
mfd
= v2/2 + Φ(r) [36],
where Φ(r) is the local gravitational potential.
Φ(r) = −4πGN
∫ ∞
r
dx
x2
∫ x
0
ρ(y)y2dy, (2)
Under this assumption, the Eddington transforma-
tion [36, 66, 67] unambiguously determines the phase-
space density distribution given the dark matter den-
sity ρ:
f(E) =
1
π2
√
8
d
dE
∫ 0
E
dρ
dΦ
dΦ√
E − Φ . (3)
We start from dark matter haloes with the NFW
dark matter density distribution; see Eq. (1). For
such haloes, the phase-space density fnfw(E) be-
comes infinite as E → Φ(0) ≡ −4πGNρsr2s [68].
This behaviour contradicts the expectations of the
WDM model: according to the Liouville theorem,
f(E) should not exceed some finite maximal value
fmax of the initial phase-space density defined by dark
matter microphysics. A particular example of interest
is dark matter with initial Fermi–Dirac distribution
having particle mass mfd and g internal degrees of
freedom. For this dark matter model, the maximal
value of the initial phase-space density is [17]
fmax =
gm4
fd
2(2π~)3
= 1.31× 104
(g
2
)( mfd
400 eV
)4
M⊙/ kpc
3(km/s)3 (4)
(henceforth, we assume g = 2). For any other dark
matter particle model with known fmax, one can ex-
press it in terms of mfd by using Eq. (4).
To account for the maximal phase-space density,
we truncate f(E) in a way that it cannot exceed the
pre-selected maximal value fmax:
ftnfw(E)=
{
fnfw(E), fnfw(E) < fmax ,
fmax, fnfw(E) ≥ fmax . (5)
ter cores in dSphs (see, however, [56]). Also, [57] shows that
smaller galaxies tend to be more spherically symmetric and
that dark matter distribution is more spherically symmet-
ric than stellar distribution. Finally, although rotations are
detected in several individual objects (see, e.g., [40, 58–60]),
spectroscopic observations [61–65] show the absence of rota-
tions with velocities comparable with the observed velocity
dispersions in dSphs.
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The obtained phase-space density ftnfw(E) is then
converted to mass density via [67]
ρtnfw(r) = 4π
∫ 0
Φ(r)
ftnfw(E)
√
2 (E − Φ(r))dE. (6)
Because, in Eq. (6), the potential Φ(r) depends on the
actual ρ(r), we solve the system of equations (3)–(6)
iteratively. We use the following iterative procedure:
we calculate numerically the Φi−1(r) and fi−1(E)
from the density distribution ρi−1(r) obtained in
the previous step. Then we truncate fi−1(E) as in
Eq.(3) and obtain the new density distribution ρi(r)
from this truncated distribution function by using
Eq.(6). We perform all the calculations on the grid
in range (r0, rmax). We choose r0 ≪ rs for regular-
ization at the first iteration. The rmax is defined as
ρnfw(rmax) = ρ¯dm and rmax ≫ R200, so we use it
as the upper limit of integration in Eq. (2). We use
the value max
∣∣∣ρi(r)−ρi−1(r)ρi−1(r)
∣∣∣ as convergence criterion.
As demonstrated in Fig. 1, five iterations is sufficient
to achieve convergence for our chosen grid parame-
ters (max
∣∣∣ ρ5(r)−ρ4(r)ρ4(r)
∣∣∣ < 0.01). We demonstrate the
convergence of this iterative procedure by the numer-
ous numerical tests and do not strictly prove it. The
obtained results show the very weak dependence of
obtained truncated density profiles on the grid pa-
rameters.
2. Results
2.1. Comparison with N-body simulations
To check the validity of the proposed approach, we
compared the truncated dark matter density distri-
bution ρtnfw(r) to the results of two independent N -
body simulations [28, 29]. Both simulations include
the effect of maximal phase-space density by assign-
ing non-zero initial velocities to dark matter parti-
cles. More precisely, [28] assumes the Fermi–Dirac
distribution f(v) = [exp(v/v0) + 1]
−1
, where v0 is the
characteristic velocity of dark matter particles [69],
while [29] approximates it with a Gaussian velocity
distribution.
In Fig. 1, we compare the tNFW density profile
to simulation P-WDM512 from [28] and simulation
WDM-5 from [29], corresponding to mfd = 30 eV
and 23 eV, respectively.4 We extracted the NFW pa-
4 The last number differs from the value reported in Table 1
of [29] To obtain it, we took into account that [29] assumed
rameters from Fig. 2 of [28] and Fig. 2 of [29], re-
spectively, and calculated the corresponding tNFW
profiles. Fig. 1 shows that tNFW profiles match the
correspondingWDM distributions at the. 30% level.
Also, we do not observe any systematic disagreement
between the tNFW profile and other WDM profiles
from N -body simulations [28, 29, 31].
2.2. Core radii of dwarf spheroidal galaxies
An important property of the distribution ρtnfw(r)
is its flattening towards small radii. This flattening
is usually characterised by the radius of the so-called
dark matter core.5 In this paper, we define core ra-
dius rc for a given dark matter distribution ρdm(r) as
follows:
ρtnfw(rc) =
ρtnfw(0)
4
. (7)
This definition coincides with the characteristic ra-
dius of the widely used Burkert density distribu-
tion [71], as well as with the core radius defined in
[24, 72]. The largest effect from finite phase-space
density on the core sizes is expected in the systems
hosted by the densest dark matter haloes—dwarf
spheroidals (dSphs).
We analysed the two types of halos of dwarf
spheroidals: ‘classical’ dSph with corresponding
NFW parameters M200 = 4× 108 M⊙ and c200 = 30,
and ‘ultra-faint’ dSph with M200 = 1 × 108 M⊙ and
c200 = 40. Assuming initial Fermi–Dirac distribution
of warm dark matter particles, we generated tNFW
profiles withmfd = 100, 200, 300 and 400 eV for these
halos. The obtained core radii rc are summarised in
Table 1.
3. Discussion
In this paper, we described a new simple model
to quantify the effect of maximal phase-space den-
Gaussian velocity distribution with velocity dispersion σ =
3.571v0 [69], so that their maximal phase-space density can
be calculated from the dark matter density ρdm:
fmax =
ρdm
(2piσ2)3/2
.
For WDM-5 simulation of [29], fmax =
0.151 M⊙/ kpc3(km/s)3, which corresponds to mfd = 23 eV
according to Eq. (4).
5 There are many different definitions of core radii in the lit-
erature; see, e.g., [29, 70].
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Fig. 1. Left : Comparison of tNFW profile with N-body simulation P-WDM512 of [28]. We started from the NFW profile with
ρs = 4.9× 107 M⊙/kpc3 and rs = 26 kpc corresponding to the parameters of P-WDM512 halo in Fig. 2 of [28]. Then, we built
the tNFW profile with mfd = 30 eV using equations (3)–(6). For individual iterations, mass density profiles (shown by black
dash-dotted curve) started to converge quickly, so we used the sixth iteration (shown by a solid curve) as a final tNFW profile.
Due to truncation of phase-space density distribution, the final value of M200 for this tNFW profile becomes 1.27 × 1012 M⊙,
decreasing from its initial value by 9%. Note the similarity between the tNFW profile and the result of N-body simulations of [28]
(dotted curve): the resulting mass densities and core radii differ by less than 30%. Right : comparison of the density distribution
from simulation WDM-5 of [29] and the corresponding tNFW profile starting from ρs = 1.2 × 106 M⊙/kpc3, rs = 33 kpc and
using mfd = 23 eV (see text). For this tNFW profile, the final value of M200 is 4.7× 1011 M⊙, decreasing from the initial value
by 11%. The differences between the density profiles and derived core radii are also . 30% in this case.
Table 1. Core radii for tNFW density profiles of ‘clas-
sical’ and ‘ultra-faint’ dwarf spheroidal galaxies for
mfd = 100, 200, 300 and 400 eV.
dSph mfd, eV rc, kpc
‘classical’ 100 3.82
200 0.86
300 0.41
400 0.26
‘ultra-faint’ 100 5.57
200 1.08
300 0.46
400 0.27
sity (fmax) on dark matter distribution. In con-
trast to other models, we started from the well-known
Navarro–Frenk–White (NFW) density profile [14, 15]
consistent with N -body simulations with fmax = ∞.
After that, we truncated the corresponding phase-
space density profile at the value of fmax and recalcu-
lated the corresponding density profile using the Ed-
dington transformation [66]. The obtained ‘truncated
NFW’ (tNFW) density distribution flattens at small
radii producing a core. Despite its simplicity, tNFW
profile matches the detailed N -body simulations from
[28, 29] with high precision, . 30% as demonstrated
in Fig. 1.
Recent papers [24, 72] have questioned the lower
bound onmfd & 0.48 keV obtained in [17]. By assum-
ing anisotropic velocity distribution, the authors of
[24] claimed that velocity dispersion profiles in ‘clas-
sical’ dSphs are consistent with the mass of degen-
erate fermions as low as m = 0.2 keV (equivalent to
mfd = 0.24 keV). Paper [72] extends this result by
using data on both ‘classical’ and ‘ultra-faint’ dSphs.
According to [72], the lower bound of [17] should be
further weakened down to mfd & 0.12 keV in the case
of arbitrary stellar velocity anisotropy and no relation
between stellar and dark matter velocity dispersions.
It is suggested in [73] that the Fornax dSph has a
core with rc = 1
+0.8
−0.4 kpc. To create sizeable cores
in halos of dwarf galaxies without involving baryonic
processes, one requires rather light dark matter par-
ticles (mfd < 300 eV; see Table 1). Such dark matter
is in tension with a number of constraints from obser-
vations of large-scale structure; see, e.g., recent works
[74–85]. However, due to the smallness of their poten-
tial wells, dwarf galaxies are very sensitive to bary-
onic feedback processes; see, e.g., [86–95]. Working
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together with the finite dark matter phase-space den-
sity effect, these processes could produce much larger
cores, with core sizes close to ∼ 1 kpc.
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